In this paper we characterize the maximally achievable diversity order for noncoherent block communication over the doubly dispersive channel, and propose affine precoders which facilitate such maximum-diversity reception. In fact, we show that, under mild channel conditions, almost any affine precoder is sufficient to facilitate maximum-diversity reception, regardless of precoding rate. By "noncoherent," we mean that the channel realization is unknown to both transmitter and receiver, and by "doubly dispersive," we mean that the channel exhibits both delay and Doppler spreading (i.e., the channel has a time-varying nontrivial impulse response).
INTRODUCTION
In this paper, we consider reliable communication over doubly dispersive (DD) channels, i.e., fading channels that exhibit significant simultaneous delay and Doppler spread. We are especially interested in the high-SNR regime, where the performance is strongly dependent on the diversity order, i.e., the negative slope of the log-error-rate versus log-SNR curve.
For the case where the receiver has channel state information (CSI) and that the channel follows a complex-exponential basis expansion model (CE-BEM), Ma and Giannakis [1] characterized the maximum achievable diversity order and proposed a linear precoding scheme that facilitates maximumdiversity reception. The assumptions of perfect receiver CSI and a CE-BEM channel are quite restrictive, however, limiting the practical impact of [1] . For example, CSI is not easy to acquire and maintain in the doubly dispersive case, where channel parameters can be multitudinous and quickly varying.
In response, we consider the more difficult problem of noncoherent communication over the DD channel, where neither the transmitter nor the receiver is assumed to have CSI. In this case, the receiver must exploit (a priori known) structure in the transmitted signal in order to decode reliably in the presence of channel uncertainty. Note that training-based, blind, and semi-blind schemes all fall under the category of non-coherent communication. Similarly, the term "joint channel/symbol estimation" sometimes refers to noncoherent decoding, even though explicit channel estimates are not strictly needed for data decoding.
For noncoherent communication over the DD channel, there exists a large body of work on optimal and suboptimal noncoherent reception strategies (e.g., [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] ). For this case, there also exist several articles on training sequence design (e.g., [13] [14] [15] [16] ) with the aim of improving explicit channel estimates. But we are not aware of work addressing the general problem of transmitter design (i.e., joint design of data and training sequences) to improve the reliability of communication over the noncoherent DD channel.
In response, we first characterize the maximum achievable diversity order for noncoherent communication over the DD channel, and find (for wide-sense stationary uncorrelated scattering (WSSUS) channels with limited time-frequency spread) that the diversity order equals the product of temporal and spectral diversity orders, thereby coinciding with the maximum diversity order for coherent communication over the DD channel [1, 17] . For our analysis, we leverage certain asymptotic results from the noncoherent pairwise error probability (PWEP) analysis in [18, 19] . Next, we show that (under mild channel conditions) almost any affine precoder facilitates maximum diversity reception. We also show that linear precoding [20, 21] does not facilitate maximum diversity reception for commonly used symbol alphabets (e.g., uncoded QAM or PSK). Recall that affine precoding [22] refers to the general class of schemes which combine linear processing of the information symbols with additive training. It is interesting to note that, while the maximum-diversity precoder proposed for the coherent case in [1] led to a high degree of transmit-signal redundancy, the affine precoders considered here are not rate-constrained in any way. Furthermore, while the coherent results in [1] apply only to the subclass of DD channels for which the CE-BEM holds, our noncoherent results apply to a much broader class of DD channels.
Notation: We denote the transpose by
The vector
can then be written as
where
1 We define the "effective degrees-of-freedom" as the number of eigenvalues in For simplicity, we assume that
, as occurs when block transmissions are separated by zero-valued guards with duration
. However, we note that such guards may not be needed in the high-SNR regime, where good estimates of
are available from previously detected blocks and thus do not pose a problem when detecting the unknown codeword 9 . We assume that the receiver knows the channel statistics, i.e., and ¹ , but not the channel realization. In this case, the (noncoherent) ML estimate of
has the well known form [12, 18] 
DIVERSITY-ORDER ANALYSIS

Pairwise Error Probability Analysis
In this section, we quantify the diversity order attained by the noncoherent ML detector over the doubly dispersive (DD) channel via pairwise error probability (PWEP) analysis, leveraging the work of Brehler and Varanasi [18] and Siwamogsatham, Fitz, and Grimm [19] . Let , and
, and
, respectively. Then
, the event that 9 h Ë is transmitted and
is chosen by the ML detector, becomes
A closed-form expression for the PWEP
has been derived [18, 19] for the high-SNR asymptotic case, i.e., (7) has full rank
Lemma 1 establishes that the maximum achievable diversity order equals 
Maximum-Diversity Conditions
We now translate the full-rank condition on
to a more convenient form.
Lemma 2
has full rank
if and only if
, where
Proof : From (7), we see that
shares the rank of
, where . Furthermore, since rank is not affected by subtracting the first . This latter condition specifies the maximum degree of time-frequency spreading for which maximum-diversity reception is possible. Notice that the condition
is stronger than
, the condition for an "underspread" channel.
Linear Precoding
We refer to the class of schemes in which the codewords are generated according to
for general
, as linear precoders [20, 21] . In this case, we associate the is a finite set. , and hence
has rank of at most
, Lemmas 1 and 2 establish that this rank is insufficient for maximum-diversity detection.
é
The situation described in Lemma 3 is common and arises, e.g., when í is composed of uncoded QAM or PSK symbols.
Affine Precoding
We refer to the class of schemes in which the codewords are generated according to is a finite set. The affine precoder described in (10) .) Figure 2 plots average PWEP versus SNR (
NUMERICAL EXAMPLES
) for a randomly chosen affine precoder for ð @ BPSK assuming an energy-preserving two-tap (i.e., 2 Jakes' model was described in Section 2.
By "average" PWEP, we mean that the PWEP is averaged across symbol pairs. Our experiments assumed
, for which the channel model yields . In all cases, it can be seen that the asymptotic slope of the average PWEP equals g 3 k 3 Û Ï @ £ ¢ , which confirms full-diversity reception. 
CONCLUSION
In this paper, we have characterized the maximum diversityorder that can be attained for noncoherent detection of doubly dispersed block transmissions, and we have provided a set of sufficient conditions under which this maximum diversityorder can be attained. Specifically, we have shown that, when the channel spreading is gentle enough to ensure
(and when certain other mild channel conditions are satisfied), almost any affine precoder will facilitate maximum-diversity noncoherent ML detection. In addition, we have shown that linear precoding does not facilitate maximum-diversity detection for certain commonly used symbol alphabets.
In the future, we plan to investigate the effect of various constrained affine precoders, such as those with orthogonal training (i.e.,
) and those with systematic precoding matrices (i.e.,
). The latter would facilitate near-ML sequential detection at very low complexity (e.g.,
in [12] ). We also plan to investigate the design of fulldiversity precoders with good finite-SNR performance (i.e., good coding gain).
APPENDIX
Our strategy is to characterize the . . . . . .
Putting these together, we have
with PSfrag replacements 
